An interesting area of modern membrane science is the development of "smart" membranes, which can affect the transport properties of selected components via external tuning. When the target components are ions, such a tuning can be realized with the help of electric field created by the conductive pore surface. We have proposed in this work a mathematical model of ions transport in a cylindrical nanopore with the electronic charge at the conductive surface and the chemical charge, which is separated from the surface by the Stern layer. The model is based on one-dimensional equations for potential, ion concentrations, and pressure in the diffuse layer. It is applied for describing the membrane potential at zero current, which characterizes the type and strength of ionic selectivity. It is shown that the change of surface potential in the direction from negative to positive results in the continuous change of pore selectivity from cation to anion. The decrease in the Stern layer capacitance and increase in the pore radius lead to the decrease in ionic selectivity. The presence of positive (negative) chemical charge causes the shift of potential value, at which the selectivity is switched, in the direction of negative (positive) values. At this value of potential, the membrane becomes non-selective, the diffusive flux of ions reaches maximum, and the osmotic flow ceases. The suggested model provides a qualitative and quantitative description of experimental results on switchable selectivity of tracketched membranes modified by the gold coating.
INTRODUCTION
Nowadays, the selective removal of ions from solutions is realized with the help of baromembrane processes, where the pressure gradient is the driving force (reverse osmosis [1] , nano-and ultrafiltration [2] ), as well as electromembrane processes, where the ion transport occurs under the influence of the electric potential gradient (electrodialysis [3] , capacitive deionization [4] ). For the separation and concentration of ions, the Donnan dialysis is also used, where the concentration gradient acts as a driving force [5] . The retention and/or selective transport of charged components through the membrane is determined by the pore size and surface charge [6] . The development of membrane technologies in this area is associated with the creation of membrane materials with maximum selectivity and permeability for target ionic components with a minimum of energy costs [2, 6, 7] . These materials will be in demand in not only the field of separation and purification [8] but also for the creation of electrochemical sensors and analyzers [9] , micro-and nanofluidic devices [10] , fuel cells [11] , as well as synthetic analogues of biological ion channels [12] .
One of the areas in this field is the development of "smart" membranes, which make it possible to affect the transport properties of the target components through external tuning. The controlled transport of ions through the membrane can be realized via the interaction of the pore structure (its geometry and surface physicochemical properties) with external impact (transmembrane potential, external electric field, pH of the solution, temperature, radiation, etc.) [13] [14] [15] .
In earlier works [16, 17] , a modification of track membranes was proposed by applying a gold layer to the pore surface. It was found that the selectivity of such membranes can be continuously and reversibly changed from cation to anion by applying an external potential to the conducting surface of the membrane. The experiments showed that the diffusion fluxes of ions through the membrane, as well as its ionic conductivity, could be controlled by changing the applied potential [18, 19] . The implementation of the described mechanisms can be problematic if there is adsorption of electrolyte ions on the surface of the pores or dissociation of surface functional groups. It should be noted that the disadvantage of modified track membranes is their low porosity (less than 1%), which complicates their use in baromembrane processes. Highly porous membranes (60-70%) based on alumina nanofibers with a diameter of about 10 nm coated with a carbon layer by chemical vapor deposition were proposed in [20, 21] . The possibility of changing the membrane potential at zero current and ionic conductivity of the membrane by applying an external potential to its surface was shown in [22] . For individual nanopores, these effects were demonstrated in [23] . A composite nanofiltration membrane based on a conducting polymer and carbon nanotubes was proposed in [24] . The authors first demonstrated an increase in the rejection of monovalent ions at a constant value of liquid permeability by applying a given potential to the membrane. The ionic selectivity of porous anodic aluminum oxide membranes with a conductive carbon coating are being studied at present [25] [26] [27] . These membranes represent a array of aligned cylindrical nanopores.
The effective implementation of the controlled separation of ionic solutions requires a thorough understanding of the mechanisms of ion transport in nanoporous membranes. This requires the development of mathematical models that link the structural properties of the membrane (pore size, shape, surface charge or potential) with its kinetic properties (liquid and diffusion permeability, ionic conductivity and selectivity, and ion rejection). Attempts to create a theory of switchable ion transport in conducting nanopores based on a number of significant simplifications (replacing a constant potential on the pore surface with a constant charge density [28] , application of equal salt concentrations in reservoirs separated by a membrane instead of the different concentrations that were used in the experiment [29] ) showed only satisfactory (qualitative) agreement with the experiment. One of the common approaches to describe membranes is based on capillary models, where the membrane is represented as an array of straight cylindrical pores. Cell models are an alternative approach, in which it is assumed that the membrane consists of porous spherical charged particles surrounded by an electrolyte [30] . The classical two-dimensional capillary model of space charge with a constant charge density on the pore surface [31, 32] was generalized to the case of a constant potential in [33] . At the same time, a new effect of enhancing the membrane potential at zero current due to the induced charge on the conducting surface was discovered [34, 35] . However, calculations based on this model [36] showed that the range of surface potential values, within which the membrane selectivity changes from cation to anion, is an order of magnitude lower than in the experiment [16, 17] . A one-dimensional model of ion transfer through a nanopore was proposed in [37] with elec-tronic and chemical charges simultaneously present on the surface (the latter is associated with the dissociation of surface groups and depends on the pH of the medium).
The aim of this work is the development of an improved model of ion transfer through a nanopore with a conducting surface and its application to interpreting experimental data in the field of controlled ion transport (particularly in relation to the dependence of the membrane potential at zero current on the potential applied to the membrane surface).
MATHEMATICAL MODEL

Formulation of the Problem
Consider a membrane, which separates two reservoirs with different concentrations and of symmetric and monovalent (1 : 1) aqueous electrolyte
The reservoirs are maintained at constant pressure. The membrane is considered as an array of unidirectional cylindrical pores with radius and length
This approach is adequate for describing track membranes [16] or membranes made of porous anodic aluminum oxide [26, 27] with a continuous conductive coating, which is present both on the pore walls and on the outer membrane surface. Ion transport is carried out only through the membrane pores. The approach under consideration can also be applied to the description of nanofiber membranes with a conductive carbon coating [20, 21] . In this case, the average radius calculated from the pore size distribution can be selected as the pore radius. Within the framework of considered approach, it is sufficient to construct a mathematical model of ion transport in one pore ( Fig. 1 ). It is assumed that the pore walls have electronic conductivity, which is typical of metals or conductive polymers. Thus, the surface charge is due to an excess or deficiency of electrons and can be controlled by applying given potential to the surface via an external power source. We will also assume the possibility of chemical interaction of the surface with an electrolyte solution by ion adsorption or dissociation of surface groups (for example, protonation/deprotonation) [38, 39] . The surface charge associated with these processes will be called chemical. It may depend on the concentration of ions, pH of the solution, potential inside the pore, etc. [37] . The chemical charge in this work is assumed to be constant (such a situation can be observed, for example, at a fixed pH of the medium). In the framework of considered model, the electronic and chemical charges are separated by the Stern layer, which has thickness and relative permittivity
There are no ions inside this layer, but water molecules can be present ( Fig. 1 ). Typical values of the Stern layer thickness lie in the range 0.2-0.5 nm [38] [39] [40] . Electrolyte ions, together with water molecules, are in the diffuse layer with radius and dielectric constant The presence of strong electric fields near the conductive surface can lead to the orientation of water molecules (dipoles) in the Stern layer, as a result of which its dielectric constant decreases significantly compared to the diffuse layer [40] . Further, we will assume that the radius of the diffuse layer is less or comparable with the Debye length where is the universal gas constant, is the temperature, is the Faraday constant, is the electrolyte concentration, is the electric constant. Then potential , ion concentrations , and pressure can be considered homogeneous (constant) in any pore cross section. However, they depend on the distance along the pore (longitudinal coordinate ).
Mathematical Model Equations
Due to the fact that there are no ions in the Stern layer, the electric potential inside it satisfies the Poisson equation in the absence of space charges and boundary conditions
The solution to this problem is given by the formula (1) We write the boundary condition for the potential at the boundary of the diffuse layer and the Stern layer:
Considering that the second term in the left-hand side is equal to the charge at the boundary of the diffuse layer and using Eq. (1), we find
is the capacitance of the Stern layer. It can be seen from Eq. (2) that the charge at the boundary of the diffuse layer is determined by both the electronic and chemical types of charge. It should be noted that Thus, the contribution of the electronic charge on the wall of the cylindrical pore to the effective charge at the boundary of the diffuse layer satisfies the relation In a plane pore, the equality holds. Let us now consider the diffuse layer, in which the electric potential, ion concentration, and pressure depend on the distance along the pore and are independent of the radial coordinate. In this case, one can use the one-dimensional uniform potential model [32, 37] , which is a simplification of the two-dimensional space charge model based on the Navier-Stokes, Nernst-Planck, and Poisson equations [31] . We introduce the ion flux density (mol/m 2 s) and the volume flow density (velocity) of the solution (m 3 /m 2 s = m/s) in the direction normal to the pore cross section. Next, we determine the sum
. and difference in the density of ion fluxes through the pore. Then the ion current density is determined by the value (C/m 2 s), where is the Faraday constant. To formulate the model equations, we introduce dimensionless variables Here, and are the diffusion coefficients of the cation and anion, respectively, and is the characteristic concentration value (hereinafter, it is assumed to be 1 mol/m 3 ). Based on the surface densities of the electronic and chemical charge, the corresponding bulk densities are calculated and presented in a dimensionless form:
where is the dimensionless capacity of the Stern layer;
and are the dimensionless potentials corresponding to and and is the total volume charge density. The latter is equal in magnitude and opposite in sign to the ionic charge density due to the electroneutrality condition (6) The equations of the homogeneous potential model have the form [37] (7)
Here, is the total concentration of cations and anions;
is the ratio of ion diffusion coefficients; and is the dimensionless parameter determined by the viscosity of the solution. Substituting the volume charge density from
Eqs. (4), (5) into Eqs. (7)- (9), we rewrite them in the form of a system of ordinary differential equations (10)
Boundary Conditions
Consider the case of zero ion current through a pore Without loss of generality, we assume that the potential in the reservoir with higher electrolyte concentration is zero, while the potential in the reservoir with lower concentration is denoted (at the same time,
is the corresponding dimensionless value). Thus, is the membrane potential at zero current. Further, the pressure in both reservoirs will be considered equal to zero. We write the conditions inside the pore at the inlet from the side of the reservoir with a higher concentration (at ) [32, 37] :
Here, is the Donnan potential jump at the pore inlet. The corresponding concentrations and osmotic pressure jumps are described by conditions (14) and (13) . Given that and substituting these equations in Eqs. (4)- (6), we obtain an equation to determine the potential (16) We now write the conditions inside the pore at the outlet from the side of the reservoir with a lower concentration (at ):
The relation similar to Eq. (16) at has the form and allows us to determine the membrane potential 
Similarly, integrating Eq. (8), we find the sum of ion flux densities (22) We formulate an algorithm for the numerical solution of the model equations.
(1) Set the initial approximations for the velocity and the sum of ion fluxes densities (2) Determine the potential from Eq. (16) and calculate
(3) Set the initial conditions for according to Eqs. (13)- (15) .
(4) Numerically integrate Eqs. (10)-(12) from to (5) Calculate the velocity and the sum of ion fluxes densities according to Eqs. (21) , (22) .
(6) Repeat steps 2-5 until the required accuracy in the calculation of and is achieved.
(7) Calculate the membrane potential according to Eq. (20) .
To integrate the equations of the model, the Runge-Kutta-Merson method of the 5th order of accuracy with a variable step was used. Note that to calculate the values of and one can also use the secant method, requiring the fulfillment of conditions (17), (18) and refining the values of the quantities at each iteration. However, the proposed approach based on Eqs. (21) and (22) is less sensitive to the choice of initial approximations.
RESULTS AND DISCUSSION
Consider the application of the proposed model to describing the membrane potential at zero current.
The value of this potential for the case of ideally selective membrane is given by the formula (23) The "+" sign corresponds to the cation-selective membrane, and the "-" sign corresponds to the anion-selective membrane. Thus, the sign of the membrane potential determines the type of selectivity, and its magnitude determines the extent of the membrane selectivity in relation to the ideal case described by Eq. (23) [41, 42] . Note that if the diffusion coefficients of ions differ significantly, the so-called diffusion potential makes a significant contribution to the value of membrane potential [5] .
Theoretical Calculations
We start with an aqueous solution of KCl, for which the ion diffusion coefficients are m 2 /s and m 2 /s. The values of the remaining parameters are selected as follows: pore length, μm; thickness of the Stern layer, nm; solution viscosity, Pa s; relative permittivity of the diffuse layer, ; temperature, K. Figure 2 shows the dependence of the membrane potential on the surface potential of the nanopore for various values of the Stern layer capacitance, 0.1, and 1 F/m 2 in the absence of the chemical charge ( C/m 2 ). The ratio of concentrations in the reservoirs is According to Eq. (3), for given values of the pore radius ( nm) and the thickness of the Stern layer ( nm), the indicated capacitance values correspond to the values of the relative permittivity of the Stern layer The latter are lower than the value for water in the diffuse layer, which allows us to describe the effect of shielding of strong electric fields near the pore wall due to the orientation of water molecules. It is seen that when the applied potential changes in the direction from negative to positive values, the membrane potential changes from to which corresponds to a continuous change in pore selectivity from the cation to the anion. With a large capacitance of the Stern layer (1 F/m 2 ), there is a sharp transition from one type of selectivity to another (in the range of the applied potential from -20 to 20 mV), while a decrease in the capacitance leads to a smoother transition, because there is a partial shielding of the electric field created by the pore wall in the Stern layer.
The effect of the pore radius on the membrane potential is shown in Fig. 3 . For a fixed surface potential that determines the electronic charge of the surface, an increase in the pore radius leads to a decrease ln . in the volume charge density of the pore according to Eq. (4). As a result, the membrane selectivity decreases, while there is a reduction in the range of variation of the membrane potential with a variation in the surface potential from -100 to +100 mV. Figure 4 shows the dependence of the membrane potential on the logarithm of the concentration ratio at a fixed value of a lower concentration ( mM). With an increase in this ratio, the absolute value of the membrane potential increases. Here, a change in pore selectivity from cation to anion is also observed when changing the applied potential from -100 to +100 mV. For extreme values of the applied potential , the curves are close to the cases of ideal selectivity; however, with increasing concentration , the membrane potential deviates from ideal, which indicates a decrease in selectivity. When mV, the membrane potential is negative and increases in absolute value with increasing This effect is associated with a difference in the diffusion coefficients of ions (diffusion potential), which is enhanced by the induced charge on the conducting pore wall (a detailed description of this effect was reported in [33] [34] [35] [36] [37] ).
The effect of the chemical charge on the pore selective properties is shown in Fig. 5a . When C/m 2 , the ion selectivity switches near the zero value of the surface potential and the shape of the membrane potential curve is close to an odd function (a slight difference is due to a diffusion potential present). If the chemical charge is positive, then the curve shifts to negative potential values. This is due to the shielding of the negative electronic charge of the wall by a positive chemical charge. This situation is schematically and the ion flux density, respectively. The ion flux is positive, since there is a diffusion of ions from the reservior with a higher concentration into the reservoir with a lower salt concentration. At the same time, the velocity of the solution is negative, which corresponds to the osmotic transfer of water from the reservoir with a lower concentration to the reservoir with a higher salt concentration. This transfer occurs under the influence of the pressure gradient (the first term on the right side of Eq. (7)), which is caused by pressure jumps at the inlet and outlet of the pore (boundary conditions (13) and (17)), as well as under the influence of an electric field on the uncompensated charge inside the pore (electroosmosis) (second term on the right side of Eq. (7)). The values of the surface potential at which the sign of the membrane potential changes, correspond to the case of the absence of ionic selectivity (Fig. 5a ). In this case, the osmotic transfer of water ceases (Fig. 5b) , and the ion flux density reaches its , w Φ maximum value (Fig. 5c ). Strictly speaking, these arguments are valid for the case of identical diffusion coefficients of ions. For the KCl aqueous electrolyte under consideration, they are very close If the ion diffusion coefficients are significantly different and the pore surface has a constant charge density, then the membrane potential is equal to zero when the Donnan potential difference at the boundaries is compensated by the diffusion potential. For membranes with a conducting surface, the situation is more complicated, since the transfer of ions with different diffusion coefficients leads to the appearance of an induced charge on the conducting surface, which, in turn, affects the Donnan potentials [33] [34] [35] . In the case of an ideally selective pore, when the membrane potential is close to the absolute value of osmotic velocity approaches the maximum value (Fig. 5b) , and the diffusion flux tends to its minimum value (Fig. 5c ). 
Comparison with Experimental Data
In this section, the calculations based on the proposed model are compared with experimental data available for track membranes with a conductive gold coating [16, 17] . The initial track membranes had a pore radius of about 15 nm and a thickness of 6 μm, the radius being reduced to a value of 1.1 nm after the deposition of gold on the pore walls. Figure 6 shows the dependence of the membrane potential on the surface potential of the membrane relative to the 4.2 M Ag/AgCl electrode for an aqueous KF solution. The diffusion coefficient of fluorine ions is m 2 /s. The chemical charge was adjusted in the calculations to minimize the deviation between theoretical and experimental values (the sum of the squares of the differences at all points was minimized). The remaining parameters were fixed and are given in the figure captions. The value of nm was used for the pore radius, and nm for the Stern layer thickness. Thus, nm corresponds to the effective pore radius of the gold-modified track membranes. For the capacitance of the Stern layer, the value F/m 2 was used, which corresponds to the relative permittivity Figure 6 shows that the model allows us to describe the experimental results not only qualitatively but also quantitatively. However, a sharper change in the membrane potential is observed in the calculations during the transition from the cation selective state to the anion selective state. Possible reasons for this are discussed below. Note that the concentrations rather than activities were used in the calculations. The use of activities at the considered low concentrations (1-10 mM) has practically no effect on the results.
A comparison of the results for an aqueous solution of KBr is shown in Fig. 7 (diffusion coefficient of bromine ions is m 2 /s). It was shown [16, 17] that Brions are adsorbed on the surface of the goldcoated membrane. As a result, at negative applied potentials, the membrane retains selectivity to the cation; however, at positive potentials, the electronic surface charge is screened by the chemical charge. Selectivity does not switch, and the membrane remains cation-selective even for large positive values of When fitting the model parameter for this case, a negative value of the chemical charge C/m 2 was obtained, which corresponds to adsorbed Brions. The theoretical curve agrees with the experimental data.
To prevent adsorption of Brions, the authors in [16, 17] proposed a membrane modification with propanethiol CH 3 (CH 2 ) 2 SH, which forms a self-organizing monolayer on the pore surface with a thickness of about 0.5 nm and a relative dielectric constant of about 2.3 [43, 44] . The corresponding value of the Stern layer capacitance is F/m 2 for the pore radius of nm. Figure 7 shows that the modified membrane has the ability to switch ionic selectivity when the surface potential changes. The calculations based on the model are in qualitative agreement with the experimental data; however, the transition from the cation selective state to the anion selective state in the calculations is sharper. Note that the two series of experimental data shown in Fig. 7 are slightly different from each other. Based on the calculations, the chem- ical charge value C/m 2 was determined, which leads to a shift of the membrane potential curve to the region of negative values. This result is consistent with the experimental data reported in [44] , where it was shown that the potential of the zero charge of the diffuse layer lies in the negative region relative to the standard calomel electrode (the potential of the latter is slightly different from the silver chloride electrode used for measurements reported in [16, 17] ).
The difference in the change of the membrane potential during the transition from the cation selective state to the anion selective state between theory and experiment indicates the need for further improvement of the proposed model. It can be achieved by accounting for the presence of hydroxyl groups on the surface, which participate in protolytic reactions [38] or the mechanism of electrolyte ions adsorption [39] . The equilibrium in these reactions depends on the local concentration of ions, which, in turn, is determined by the local value of the potential. Another way to improve the model may be achieved by taking the diffusion layers near the membrane surface into account, which lead to a decrease in the effective difference in concentrations and, as a consequence, to a decrease in the membrane potential. This effect can be significant exactly in the region of transition from the cation selective state to the anion selective state, where the membrane loses its selectivity and the diffusion flux reaches its maximum value (Fig. 5c ).
CONCLUSIONS
A mathematical model of ion transport in a cylindrical nanopore with a conducting surface is proposed. It is assumed that the nanopore consists of two layers, namely a diffuse layer containing ions and water molecules and a Stern layer adjacent to the pore wall, which contains only water molecules. The orientation of the latter in a strong electric field near the wall leads to a decrease in the dielectric constant of the Stern layer in comparison with the diffuse layer. The electronic charge of the pore surface can be changed by applying a given potential to it from an external power source. At the boundary between the Stern layer and the diffuse layer, a constant chemical charge is specified. The electric potential, ion concentration, and pressure in the diffuse layer depend on the distance along the pore and are described by a onedimensional model, which is obtained from the Navier-Stokes, Nernst-Planck, and Poisson equations assuming that all values are uniform in the cross section of the pore. The latter occurs when the pore radius is less or comparable with the Debye length.
The developed model is applied to the description of the membrane potential at zero current, which characterizes the extent and type of ionic selectivity of the membrane. Calculations showed that as the potential of the pore surface changes from negative to posi-0.0049 c σ = tive, the pore selectivity continuously changes from cation to anion. A decrease in the capacitance of the Stern layer or an increase in the radius of the pore lead to a decrease in the ionic selectivity. The presence of a positive (negative) chemical charge causes a shift in the surface potential, at which the ionic selectivity switches, to the region of negative (positive) values. At these potential values, the membrane loses selectivity, the diffusion flux of ions reaches its maximum value, and the osmotic transfer of the solution ceases. It is shown that the proposed model allows one to quantitatively and qualitatively describe the experimental results on the switchable selectivity of track membranes modified with a gold layer. To eliminate some discrepancies between the calculations and the experimental data, it is necessary to take into account the detailed mechanisms of the surface chemical charge formation.
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